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Abstract. The associated primes of an arbitrary lexsegment ideal I C S = 
K\ xi)...,Xn] are determined. As application it is shown that S/I is a pretty 
clean module, therefore, S/I is sequentially Cohen-Macaulay and satisfies Stan- 
ley's conjecture. 
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1. Introduction 

Let S = K[xi, . . . , x n ] be the polynomial ring in n variables over a field K . We 
consider the lexicographical order on the monomials of S induced by x\ > x<i > 
. . . > x n . Let d > 2 be an integer and Aid the set of monomials of degree d of S. 
For two monomials u, v G Aid, with u >i ex v, the set 

L(u, v ) = {w e M d | u > iex w > tex v} 

is called a lexsegment set. A lexsegment ideal in S is a monomial ideal of S which is 
generated by a lexsegment set. Lexsegment ideals have been introduced by Hulett 
and Martin [5J. Arbitrary lexsegment ideals have been studied by A. Aramova, E. 
De Negri, and J. Herzog in [T] and [3]. They characterized all the lexsegment ideals 
which have a linear resolution. In jl] it was proved that a lexsegment ideal has 
a linear resolution if and only if it has linear quotients. In the same paper, for a 
lexsegment ideal I C S, the dimension and the depth of S/I are computed and 
all the lexsegment ideals which are Cohen-Macaulay are characterized. In [2], the 
study of the associated prime ideals of a lexsegment ideal is proposed. We answer 
to this question in Section [2j As an application, by extending a few results from [7] 
to the multigraded modules over S, we show in Section [3] that S/I is a pretty clean 
S'-module for a lexsegment ideal ICS (Theorem 13. 5p . Consequently, it follows that 
S/I is sequentially Cohen-Macaulay (Corollary 13. 8p and the Stanley conjecture Q8J) 
holds for S/I (Corollary EB- 
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2. The associated primes of a lexsegment ideal 

Let u = xl 1 ■ ■ ■ x® n , v = x b ± ■ ■ ■ x b ™ G S be two monomials of degree d such that 
u >icx v and 7 = (L(u,v)) the lexsegment ideal determined by u and v. It is 
obviously that we may consider a\ > since otherwise we simply study our ideal 
in a polynomial ring with a smaller number of variables. In addition, we exclude 
the trivial cases u — v and I = (L(xf , x d )). Moreover, we also notice that one may 
reduce to b\ = 0, that is v is of the form v = x b q q ■ ■ ■ x b ™ with q > 2 and b q > 0. 
Indeed, if b\ > 0, then, from the exact sequence of multigraded S- modules 

s s s s 

2.1 0^ r j— = — h >0, 

(J: a*) / (J,**) (x* 1 ) 

we get 

Ass(S/(I : xl 1 )) C Ass(S/7) C Ass(5/(7 : ^)) U {(xi)}. 
As (xi) G Ass(5 1 //) since it is a minimal prime of J, we have Ass(S/I) = Ass(S/(I : 
x^ 1 )) U {(xi)}. Therefore, in order to determine the associated primes of J, we need 
to compute the associated primes of (I : x^ 1 ) which is a lexsegment ideal generated 
in degree d — b\ whose right end, v/x^ 1 , is no longer divisible by x\. 

To begin with, we consider two important particular classes, namely, initial and 
final lexsegment ideals. We recall that a lexsegment ideal of the form (L(xf,v)), 
v G Aid, is called an initial lexsegment ideal determined by v. We denote it by 
(L l (v)). An ideal generated by a lexsegment set of the form L(u, x^) is called a final 
lexsegment ideal determined by u G Aid- We denote such an ideal by (L,f(u)). We 
also recall the following notations. For a monomial w G S, we denote min(w) = 
min{i : Xi\w}, max(w) = max{i : Xi\w}, and supp(w) = {i : Xi\w}. In our study we 
are going to use very often the following 

Lemma 2.1. Let I = (L(u,v)) be a lexsegment ideal with xi\u, x\\v and v ^ x d n . 
Then 

{(x!,...,Xj) : j G supp(w), j ^ n} C Aas(S/I). 

Proof. For j G supp(f)\{n} let w = [y j x j)x d ~ hri . We can conclude that w I. 
Indeed, if to 6 /, then u> = m • m' for some monomial m G L(u,v) and m', 
we get u> >; ex wm' which yields x d ~ bn >i ex Xj-m', which is impossible. For all 
2 < i < j, ajjW = {xiV j x 3 )x d ~ hn >i ex vx d ~ bn and Xi f (xiv/xj)x d ~ bn , we have 
XjW = (x i v/xj)x d l ~ bn G /. Since Xixf -1 G /, it follows that Xiu> = Xi(v/xj)x d ~ bn = 
(y/ (xjX b ^ l ^ 1 ))(xix d ~ 1 ) G /. Therefore (xi, . . . , Xj) C 7 : w. Let us assume that there 
exists a monomial z £ I : w with z ^ (xi, . . . , Xj), that is, supp(2) C {j + 1, . . . , n} 
and G 7. Let m G L(u, v) such that = mm' for some monomial m' . Then we 
get fx^ _fen z = xjmm' >\ ex Xjvm', which gives zx d ~ b " >i ex Xjm' which is contradict 
with supp(z) C {j + 1, . . . , n}. We thus have shown that I : w — (xi, . . . , Xj), which 
implies that (xi, . . . ,Xj) G Ass(S/I). □ 

Proposition 2.2. Let v G Aid be a monomial and let I = (77(i>)) the initial ideal 
determined by v. Then 

Ass(Sy7) = {(xi, . . . ,xj) : j G supp(v) U {n}}. 
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Proof. As we have observed before, we can assume that v = x q q ■ ■ ■ x b ™ with q > 2 
and b q > 0. By Lemma I2TT1 and [U Proposition 3.2] we have {(xi, . . . ,Xj) : j G 
supp(v) U {n}} C Aaa(3/I). 

Let P G Ass(S/I), P ^ (x u ...,x n ). By [6, Proposition 4.2.9] we have P = 
(xi, . . . , Xj), for some 1 < j < n. We want to show that j G supp(f). Let us 
assume j £ supp(f). Since P D I D (xf , . . . , ajg) it follows that j > g. Let 
w be a monomial such that w ^ I and P = I : w. We have XjU> G /, hence 
there exists vl >i ex v such that XjW = u'm, for some monomial m. We have 
Xj \ m since, otherwise, w G /. For any i < j, we have Xj { m since, otherwise, 
Xiu'/xj >i cx m' >i ex f, and w = ■ ^ G /, contradiction. Therefore, m is a 

monomial in K[xj + i, . . . ,x n ). We can conclude that min(supp(u')) > q. If there 
exists i < q — 1 such that Xi\u', then, for any I such that X/|m, we have i < q < j < I. 
Since min(supp(V)) > q, we have (u'/xj)xi >i ex v by the definition of lexicographical 
order. Hence w = (—Xi) - — El, contradiction aeain. That is u' is of the form 

(2.2) u' = x c g *---x c n "> lex x b q «---x b n " 

If there exists / such that Xi\m and u'xi/xj >\ cx v, then as above, w G I, a contra- 
diction. Therefore we must have 

(2.3) tt'a^ < XjV for all Z such that xi\m. 

Using f)2.2p . and (12.31) and j supp(f) and by comparing the exponents in the 
monomials vl and v, we get vl = x b q q ■ ■ ■ x h -Z{xjXj+{ ■ ■ ■ a^ n , for some Cj + i, . . . , c n , 
hence 

b & -j — l c t _i_ i ^ 

w = x q q ■ ■ ■ x-_ x Xj+i ■ ■ ■ x™ ■ m 

with m G fCfeo+i, . . . , a;J. Since — rr — r G / : w, we must have — rr — t G (xi, . . . , xA, 

which is impossible since Xj \ v and x b q 9 ■ ■ ■ x?Z\ \ gcd(f , w). □ 

In the next step, we consider final lexsegment ideals. First of all we observe that 
one should consider only final lexsegment ideals defined by a monomial u G M.d 
such that x\\u. Indeed, otherwise, we are reduced to considering the problem in a 
polynomial ring with a smaller number of variables, namely K[x m i n r u ), ■ ■ ■ , x n ]. 

Proposition 2.3. Let u G Aid,u ^ xf, with x±\v and I = (L^(u)) be the final 
lexsegment ideal defined by u. Then 

Ass(Syi) = {(xx, . . .,x n ), (x 2 , . . .,x n )}. 

Proof. By jU Proposition 3.2], we have depth(S'//) = 0, hence (xi, . . . ,x n ) G 
Ass(S/I). On the other hand, for any P G Ass(S/I), we have (x 2 , ■ ■ ■ ,x n ) C P 
since I D (x 2 , . . . , x n ) d . Since (x 2 , ■ ■ ■ , x n ) is obviously a minimal prime of /, 
we have (x 2 , ■ ■ ■ ,x n ) G Ass(S/I). Therefore, the only associated primes of I are 
m = (xi,...,x n ) and (x 2 , . . . , x n ). □ 

In order to compute the associated primes of an arbitrary lexsegment ideal, that 
is, one which is neither initial nor final, we are going to distinguish several cases, 
depending on the depth of S/L We recall that, by [U Proposition 3.2], / = (L(u, v)) 
has depth(Syi) = if and only if x n u >i cx X\V. 



3 



Proposition 2.4. Let I = (L(u,v)) be a lexsegment ideal which is neither initial 
nor final, with xi \v, and such that depth(Syi) = Then 

Ass(S/7) = {(xi, ...,xj):je suppO) U {n}} U {(x 2 , . . . ,x n )}. 

Proof. Since u 7^ xf, we have / = (/, X® 1 ) fl (/ : xf ). We get the following exact 
sequence of S'-modules: 

(2.4) — >• S// — > 5/(1, x? 1 ) ©£/(/ : xf ) — ► S/((I,xf) + (/ : xf )) — > 
We note that (J,xf ) + (7 : xf ) = (xf) + (/ : xf ). We first prove 

Ass (S/((I, xf)+(I : xf ))) = ...,!„)} and Ass (5/(7 : xf )) = {(x 2 , . . . , x n )}. 

If a\ > 1, then / : xf D (x 2 , . . . , x n ) d ~ ai+1 , hence (J, xf) + (/ : xf) is an m-primary 

monomial ideal, where m = (xi,...,x n ) and Ass (s/(I : xf)j = {(x 2 , . . . , x„,)}. 

Let ai = 1. Then we show that (/ : Xi) D (x 2 , . . . ,x n ) d , which will imply again 
that (I,xf) + (/ : xf) = (I,Xi) + (I : xf) is m-primary. Since all the monomials 
w of degree d with x 2 >i ex w >i ex v are already contained in /, thus in / : x\ as 
well. Hence, we only need to show that L*(v) C (J : xi). Let us assume that 
there exists a monomial w of degree d with w <\ ex v such that w ^ (J : xi), then 
xito <; ex xif <; ex x n w. As Xi| aiW , Xi { v, we have > ie:r v. By Xi ^ (J : Xi), 

we have — >; ex w. Therefore, w > iex XnW > lex > iex v, where the last 

•^min(w) •^min(uf) 

inequality follows from the condition depth(Syi) = 0. But then we get w >i ex v, a 
contradiction. Consequently, we have shown that 

Ass (S/({I, xf) + (/ : xx))) = {(X!, . . . , x n )} 

and Ass(S/(I : Xi)) = {(x 2 , . . . ,x n )}. Since depth(SyP) = 0, hence m G Ass(S/I), 
by using the exact sequence (|2.4p . we get 

(2.5) Ass(S/7) = Ass(S/(I,xf )) U Ass (5/(7 : xf )) = 

= Ass(5/(J,xf ))U{(x 2 ,...,x n )} 

Let us first take a x = 1. It is clear that P G As&s(S/(I,Xi)) if and only if 
P = (xi,P'), where P' G Ass 5 /(5"/(P(^))), where 5" = K[x 2 , . . . , x„]. By using 
Proposition 12.21 we get Ass(S l /(J, x x )) = {(xi, . . . , Xy) : j G supp(f) U {r?,}} and our 
proof is completed in this case. 

Let a\ > 1. Then we consider the exact sequence of S- modules: 

(2.6) — > (/^/(Pxf ) — > 5-/(1, xf ) — ► S/(I, Xl ) — ► 0. 

Since xf-^Pxi) C (I,xf ) and (x 2 , . . . , i n ) i - 1 (7 1 xi) C I C (/, xf ), it follows 
that Ann 5 ((J, xi)/(I, xf )) contains an m-primary ideal, thus we have 

Ass((/,x 1 )/(/,xf)) = {m}. 

From the exact sequence (I2.6P and using the above computation for Ass(S/(I, xi)), 
we obtain m G Ass(S/(I, xf )) and Asa(S/(I, xf )) C {(xi, . . . ,xj) : j G supp(w) U 
{n}}. The equality follows by Lemma [2TTI Finally, by using (12. 5p . we complete the 
proof. □ 
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We now pass to the case depth(S'//) > which is equivalent to the inequality 
x n u <i ex X\V. In particular, this implies that deg x (u) = 1. Let u = Xix® 1 ■ ■ ■ x a ™ 
with I > 2 and a/ > 0. The inequality x n u <i ex X\V is equivalent to x® 1 ■ ■ -x^ n+1 <i ex 
Therefore we have I > q. For the next result we introduce the follow- 
ing notation. For 2 < j, t < n such that 2 < j < t — 2, we denote Pj )t = 

, . . . , jjj , jjf , . . . , jj n j . 

Proposition 2.5. Let I = (L(u,v)) be a lexsegment ideal with X\\v and such that 
depth(S/J) > 0. 

(i) Let depths/I) = 1. Then, 

(a) for a,i < d — 1, we have 

Ass(Sy7) = {(x 2 , . . -,x n )} U {(xi, . . . , Xj) : j G supp(w) \ {n}}U 

U{P jtl : j G supp(f ), j < I - 2} U {P jHl : j G supp(u), j < I - 1}; 

(b) /or ai — d — 1, we /icwe 

Ass(S/I) = {(x 2 , . . -,x n )} U{(xi, supp(f) \ {n}}U 

U{P jV : j G swpp(v),j <l-2}. 

(ii) Let depth(5'//) > 1. Then 

(a) /or aj < d — 1, we /icwe Ass(S/L) = 

{(xi, ...,x,):je supp(» \ {n}} U {P^ : j G supp(w)} U {P^+i : j G supp(»}; 

(b) for ai = d — 1, we /iave 

Ass(S/L) = {(xi, . . . ,Xj) : j G supp(v) \ {n}} U {P,- j : j G supp(v)}. 

Proof Since depth(SyP) > 0, we have m ^ Ass(S/I) and ai = 1, then (J : xi) C 
(x 2 , ...,x n ). Hence, m ^ Ass(S/(I : xi)) from the exact sequence (12.41) . where 
ai = 1, we get 

Ass(S/J) C (Ass(5/(/,x 1 )) \ {m}) U Ass(5/(7 : xi)). 

As in the the proof of Proposition I2.4[ we have 

Ass(S/(I, xi)) \ {m} = {(xi, . . . , Xj) : j G supp(w) \ {n}}. 

Let us first look at Ass(5'/(/ : Xi)). Note that (/ : x x ) = J + L where J is 
generated in degree d — 1 by the final lexsegment //(w/xi), and L is generated in 
degree d by the initial lexsegment L l {v) CS' = if[x 2 , . . . ,x n ]. Let us first consider 
a\ < d—1. Then, by Proposition [23], the associated primes of J are P\ = (xi, . . . , x n ) 
and P 2 = ■ ■ ■ ,x n ). Therefore, J = Q± fl Q2, where Qi and Q2 are primary 

monomial ideals with y/Ql = Pi, i = 1,2. Similarly, we have L = f] Q 1 - for 

2<jGsupp(i;)U{n} 

some monomial primary ideals Qj such that ^/Wj = (X2, • • • , Xj) for all j. Then 

(j : x0 = q x n g 2 + f| Q' 3 = (f|(Qi + Q' 3 )) fldH^ 2 + 950) 
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is a primary decomposition of I : X\. Therefore, by the primary decomposition of 
/ : Xi and m ^ Ass(S/ (I : Xi)), we get 



Ass(S/(I : xt)) C {(x 2 ,. • .,!„)} U {P,,, : j G supp(u), j < / - 2}U 

u : J £ supp(w), j < Z - 1}. 

If ai — d — 1, that is w = Xixf -1 , then we get that J = (x/, . . . , x n ) d ~ l , hence it is a 
primary ideal. As before, we get 

Ass(S/(I : x^) C {{x 2 , . . .,x n )} U {P j;l : j G supp(w), j <l-2}. 



In order to prove (i), taking into account Lemma 12.14 we only need to show 
that Pj,ui < I — 2, Pj t i + i,j < I — 1, and (x 2 , . . . , x n ) are associated primes of /. 
In each case, we are going to show that one may find a monomial / ^ I such 
that I : f — Pj i or Pjj+i or (x 2 , . . . , i„). We begin by proving that (x 2 , . . . , x n ) 
is an associated prime of /. By [U Proposition 3.4], depth(Syi) = 1 if and only 
if v = x d ~ 1 Xj for some 2 < j < n — 2 and j > I — 1 or v <\ cx x^f l x n ^\. If 
v <iex ^ 2 _1 ^n, then, for / = x^ -1 , we easily get I : f = (x 2 ,...,x„) since all 
the monomials x 2 , X2 _1 X3, . . . , x 2 -1 x n belong to /. Let t> >i cx x d T' 1 x n -i. If / = 2, 
then we choose / = xix^ -2 and observe that xix 2 x^~ 2 , xiX3X^~ 2 . . . , xix^ -1 G I, 
hence I : f = (x 2 , . . . , x„). Finally, for I > 3, we take / = „ and get again 

the desired claim since XiX/x^~ 2 , XiXi + iX d ~ 2 . . . , Xix^ -1 , Xg, X2 _1 x 3 , . . . , i^^n G J. 
Therefore, (x 2 ,...,x n ) G Ass(S/I) for depth(S'//) = 1. Now let j G supp(w) with 
j < I — 2, we look for a monomial / ^ J such that I : f — Pj,i,j < I — 2. Let us take 

f _ ™ ™6 g . . . ™ 6 J-i kj- 1 . . . ™ 6 !-2 d oj-1 a„ 

As j G supp(f) and j < / — 2, we have g < j < / — 2 < Z, then / >; ex it. Hence 
f £ I. We now show that I : f — P^. Let s G {2, . . . , j, I, . . . , n}. If s < j, 

then x s f = x s (v'/xj)mi, where v' = x b q q ■ ■ ■ x h - ■ ■ ■ x^x^ + +bl ~ 2 ^ > lex v and 
mi is a monomial in S. Since x s (v'/xj) G L(u,v), we get x s / G /. Let s > I. 
Then x s J = x s (u/x/)m 2 for some monomial m 2 , and since x s (u/x{) G L(u,v), 
we obtain x s / G J. We thus showed that Py C / : / for j < I — 2. Let us 
assume that Py ^ J : /, hence there exists a monomial u> G / : / such that 
supp(iy) C {j + 1, . . . , I — 1}, that is w = Xj+l ■ ■ ■ xfZi , where c^+i, . . . , q_i > 0. 
But 

f _ ™ . . . c J+i . . . ™ c i-l «(-l™ a l+i . . . ™a n 

and, with same arguments as above, wf £ I. Therefore, I : f = Pjj. 

Now, let ai < d - 1. We show that P,- m G Ass(S/I) for j < / - 1. If it = 

a/ d— a; — 1 j i r fog 6j*— 1 &i_ i d— — 2 jr a; ai — 1 

X\0Cj^ Xj^ j ^ 5 ^VG L3j1CG j — X\Xq * 1 " / 1 1*^1 [ 1 * < ^-lcx X^_^_-^ . 

we take 

.c f>j — i ci a!— a; — 1 

With similar arguments as before, we show that I : f — Pj,i+i in each case. 

(ii). By [U Proposition 3.4], depth(S'//) > 1 if and only if for some 

2 < j < n — 2 and / > j + 2. In this case (x 2 , . . . , x n ) ^ Ass(S/I) and the conclusion 



follows directly from Lemma \2. II and by looking at Ass(S/(I : xi)). Indeed, we have 
the exact sequence 

— )• S/(I : ari) — ■» 5// — )• ^/(J,^) — > 0, 

thus Aaa(S/(I : xi)) C Ass(S/I) C Abs(S/(I : x 1 ))UAss(S/(J, xi)). As (x 1; . . . , x^) G 
Ass(5yi) for all j G supp(-u), j 7^ n, we only need to compute Ass(S/(I : Xi)). Note 
that, in this case, 

r (Lf( u / Xl )) + (xii if ^ = x|, 

(J:zi) = < (L f (u/xi)) + (x^ 1 ) H (x^,x 3 , . . . ,x,), if t> = x^ ^ 
[ 3 < J < n - 2, 

If t> = X2, we get, by using Proposition ^. 31 (I : Xi) = (xJf, <3i)n(x2, Q 2 ) where Qi, Q 2 
are primary ideals with s/Qi = (x/, . . . , x n ) and = (x/+i, . . . , x n ), which implies 
that Ass(S/(I : xi)) = {P 2 ,i, f 2,2+1}- Finally, if v = x 2 Xj, with 3 < j < n — 2, we 
get, by using Proposition I2.3[ 

(/ : x x ) = (xt\ Qi) n (x^ 1 , Q 2 ) n (xi x 3 , . . . , x i? Q0 n (xi x 3 , . . . , x i; Q 2 ), 

where Qi,Q 2 are primary and = (x h ...,x n ), y/Q^ = (x/ +1 , . . . , x n ). This 

yields Ass(5/ (I : x x )) = {P j)h P j)l+ i : j G supp(w)}. □ 

3. Lexsegment ideals are pretty clean 

Pretty clean modules were defined in [7]. Since we are interested in finitely gen- 
erated multigraded modules over S, we recall the definition of pretty cleanness in 
this frame. 

Definition 3.1 ([7J). Let M be a finitely generated multigraded S -module. A multi- 
graded prime filtration of M, 

7 : = M C Mi C • • • C M r _! C M r M. 

where Mi/Mi-i = S/Pi, with Pi a monomial prime ideal, is called pretty clean if 
for all i < j , Pi C Pj implies i = j. In other words, a proper inclusion Pi C Pj is 
possible only if i > j. A multigraded S -module is called pretty clean if it admits a 
pretty clean filtration. 

We denote by Supp(J r ) the set {Pi, . . . , P r } of the prime ideals which define the 
factor modules of T . By [7J Corollary 3.4.], Supp(J r ) = Ass(S/I). 

The following lemma gives a nice class of pretty clean multigraded S'-modules. 

Lemma 3.2. Let M be a finitely generated multigraded S -module such that Ass(M) 
is totally ordered by inclusion. Then M is pretty clean. 

The proof works as the proof of [7J Proposition 5.1], therefore we omit it. 

Our aim in this section is to show that if I C S is a lexsegment ideal, then S/I 
is pretty clean. The claim is obvious for initial and final lexsegment ideals. Indeed, 
by applying Proposition 12. 2\ Proposition I2.3[ and the above lemma, we get 

Corollary 3.3. Let I C S be an initial or final lexsegment ideal. Then S/I is pretty 
clean. 
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For arbitrary lexsegment ideals we need another preparatory result. 



Lemma 3.4. Let ->■ M' A M A M" ->• be an exact sequence of finitely 
generated multigraded S-modules and homogeneous morfisms. We assume that M' 
has a multigraded pretty clean filtration J 7 ' and M" has a multigraded pretty clean 
filtration T" such that for any P G Supp(J 7 ') and Q G Supp(J r "), we have P % Q, 
that is either P D Q or P and Q are incomparable by inclusion. Then M is pretty 
clean. 

Proof. Let 7' : = M' C • • • C M' r = M' be the filtration of M' and 7" : = M% C 
• • • C M" = M" the filtration of M" . Then, by hypothesis, the following filtration, 

= /(Mp) C • ■ • C f{M' r ) = f(M') = g-\0) C • ■ ■ C g~~ x {M") = M 

is a multigraded prime filtration of M, hence M is pretty clean. □ 

The first consequence that one derives from the above lemma is that we can reduce, 
as in the previous section, to the case when v, the right end of the lexsegment set 
which generates the lexsegment ideal, is not divisible by x\. Indeed, if degj. (u) = 
b\ > 0, looking at the exact sequence (12. ip . we see that, in order to prove that 
S/I is pretty clean, it is enough to show that S/(I : x^) is pretty clean since 
Ass(Sy(J : Xi)) obviously does not contain {x\). 

Theorem 3.5. Let I C S be a lexsegment ideal. Then S/I is a pretty clean module. 

The proof of the theorem will follow from Corollary 13 . 3 1 and the next two lemmas. 
As in the previous section, we consider separately the cases when depth (5/ J) = 
and depths/I) > 0. 

Lemma 3.6. Let I be a lexsegment ideal which is neither initial nor final and such 
that depth(Syi) = and %\ \ v. Then S/I is pretty clean. 

Proof. Let u = xi 1 . . . x^ 1 with a,\ > and „ n with q > 2 and b q > 0. We 

consider the exact sequence of multigraded modules: 

(3.1) — > (/ : xl^/I — )• S/I — )• S/{I : x^ 1 ) — > 0. 

As xi 1 G Ann s ((J : O/J), we get x x G P for all P G Ass((J : xf )//). On the 
other hand, as we already noticed in the proof of Proposition 12 A\ Ass(S/ (J : x" 1 )) = 
{(x2, • • • , x n )}. By Proposition \2A\ we have 

Ass(S/I) = {(xi, • • • , Xj) : j G supp(w) U {n}} U {(x 2 , . . .,!„)}, 

which implies that Ass((J : x" 1 )//) = {(xi, . . . ,Xj) : j G supp(f) U {n}}, thus by 
Lemma |3T2| (/ : x" 1 )// and 57(7 : x" 1 ) are pretty clean S'-modules. Next we apply 
Lemma 13.41 and conclude that S/ 1 is pretty clean. □ 

Lemma 3.7. Let I be a lexsegment ideal such that depth(5'//) > and x\ \ v. Then 
S/I is pretty clean. 

Proof. As we have seen before, since depth(S/7) > 0, u and v have the following 
form: u = X\X® 1 ■ ■ ■ x°£ with I > 2 and ai > 0, v = x q q ■ ■ ■ x h ™ with q > 2 and b q > 0. 



8 



Moreover, we have I > q. As in the first part of the proof of Lemma 13.61 by using 
the exact sequence of multigraded S'-modules 

(I-.xx) S S 

it is enough to show that (7 : X\)/I and S/(I : X\) are pretty clean and no prime 
ideal of the pretty clean filtration of (7 : x\)/I is strictly contained in a prime ideal 
of the pretty clean filtration of S/(I : x\). We first observe that since x% G Ann£((7 : 
Xi)/I), we have X\ G P for all the prime ideals P G Ass((J : Xi)/7). On the other 
hand, since X\ is regular on S/(I : X\), it follows that X\^LP for all P G Ass (5/(7 : 
Xi)). By Proposition I2.5[ we get Ass((7 : X\)/I) = {(xi, . . . , Xj) : j G supp(w) \ {n}}, 
therefore (7 : Xi)/7 is a pretty clean module since its associated primes are totally 
ordered by inclusion. 

If u = Xixf' 1 , it follows, by Proposition l2.5l that Ass(S/ (7 : Xi)) C {(xa, . . . , Xj, Xi, 
. . . , x n ) : j G supp(-u)} U {(x 2 , . . . , x n )}, thus it is totally ordered by inclusion, which 
shows that S/(I : x\) is pretty clean. The same argument works if u <i cx xixf -1 and 
q = I. In both cases, it is clear that for all P G Ass((7 : Xi)/7) and P' G Ass(S/(I : 
xi)) we have P ^ P'. We then may conclude that in these cases 5/7 is a pretty 
clean module. 

It remains to consider deg (u) < d — 1 and q < I — 1. We are going to show that 
5/(7 : Xi) is pretty clean which will end our proof. Note that one may decompose 
(7 : x%) as (7 : x\) = J + L where J is generated in degree d — 1 by the final 
lexsegment ]J(u/x\) C . . . ,x n ], and L is generated in degree d by the initial 

lexsegment L*(v) C K[x 2 , . . . , x„]. Let (7, l (w)) = r\j & n PP (v)u{n} Qj be tne hredun- 
dant primary decomposition of (L l (v)) where Qj are monomial primary ideals with 
a/Q" = (x 2 , ■ • . ,Xj), j G supp(w) U {n}. Let M = (7 : x x ) : xf = (J + (L i {y))) : xf = 
J : xf + (L l (v)) : xf. It is easily seen that J : xf is a monomial (xj+i, . . . ,x n )- 
primary ideal. In addition, we have (#(«)) : xf = (fliesupp^uw ^i) : x f = 
n, es up P («)u{n}(^ : x f) = (Qj : xf))f|(n^3u P pWu { „ } (Q j : xf)). In the last 

J j" < Z — 1 j>l 

intersection, each of the primary monomial ideals contains a power of xi, therefore 
Qj : xf = S for all j > I. It follows that (£*(«)) : xf = D^-pp(-) (Qj : )• This im- 

i<i-l 

plies that M = f)je«u P p(v) ( J : xf + : xf) = n^^ppM (7 : xf + Qj) is an iredundant 

primary decomposition of M which gives Ass(S/M) = {(x2, . . . , Xj, x/ + i, . . . , x n ) : 
j G supp(f), j < / — 1}. It is clear that M D I : X\, hence we have the exact 
sequence of multigraded S-modules 

M S S n 

-> 77 r -> 77 r -> 77 -> 0. 

(7 : xi) (7 : x x ) M 

On the other hand, it is also clear that xfM G 7 : Xi, which implies that xf G 
Ann(M/(7 : x x )). In particular, it follows that x t G P for all P G Ass(M/(7 : x x )). 
From the above sequence and by using the form of Ass(S/(I : xi)) we finally get 
Ass(M/(7 : Xi)) = {(x 2 , • • • , Xj, X;, . . . , x n ) : j G supp(f)}, hence M/(I : Xi) is 
pretty clean. Moreover, there is no proper inclusion of the type P C P' where 
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P E Ass(M/(7 : xi)) and P' E Ass(S/M), hence, by LemmaE31 S/(I : Xi) is pretty 
clean. □ 



Theorem 13.51 and Corollary 4.3. in [7] yield the following 

Corollary 3.8. Let I C S be a lexsegment ideal. Then S/L is sequentially Cohen- 
Macaulay. 

Moreover, from Theorem 13.51 and [7J Theorem 6.5.] we get the following 

Corollary 3.9. Let L C S be a lexsegment ideal. Then S/L satisfies the Stanley con- 
jecture, that is we have the inequality sdepth(Syi) > depth(Sy/), where sdepth(5'/I) 
is the Stanley depth of S/L. 
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